The evolution of self-propagating reactions along nanostructured multilayer foils is analyzed computationally. A simplified physical model is used that combines a two-dimensional diffusion equation for the atomic concentration with a quasi-one-dimensional form of the energy equation which accounts for the melting of the reactants and products. The model thus generalizes previous formulations which have ignored melting effects. The computations are used to predict the evolution of self-propagating fronts in Ni/Al foils, and analyze the dependence of these fronts on the foil parameters. In particular, the results indicate that melting substantially affects the properties of the unsteady reactions, and generally results in an appreciable reduction of the average front speed.
I. INTRODUCTION
Reactive multilayer foils are a class of nanostructured materials that contain alternating layers of materials with large, negative heats of mixing. 1 As schematically illustrated in Fig. 1 , the constituents are separated by small distances, with the thickness of the individual layers ͑2␦͒ being on the order of tens of nanometers. The foils contain hundreds of alternating layers so that the total foil thickness ranges from 10-200 m. These finely layered foils can be vapor deposited onto a substrate, but during this process some mixing inevitably occurs between the constituents. This results in the formation of a premixed zone of width 4w ͑Fig. 1͒ which separates otherwise compositionally pure layers. The foils are conventionally ignited by a small burst of energy, such as an electric spark from a 9-V battery. The small layer thicknesses sustain high mixing and heat release rates, so that a self-sustaining reaction front is established. For nanoscale foils, large flame front velocities can be obtained, ranging from 1-30 m/s. [2] [3] [4] [5] [6] Recent interest in self-propagating reactions in multilayered reactive foils stems from their potential utility in forming intermetallics in complex shapes, joining heat sensitive components and igniting secondary reactions. 2, [7] [8] [9] Analytic 10,11 and numeric 12 approaches have been used to predict the average speed, V avg , of the self-propagating fronts, as well as its dependence on the bilayer period ͑4␦͒ and the width of the premix region (4w). As discussed in Ref. 11 , the partially mixed region results in a loss of thermodynamic driving potential, due to premixing during the deposition process. Consistent with experimental observations, 4 -6 V avg increases with decreasing ␦, as long as ␦ remains substantially larger than the premix width w. This trend reflects the drop in the mean diffusion distances as ␦ is decreased. However, as ␦ is further decreased, V avg peaks at a critical value ␦ϭ␦ c , below which a trend reversal occurs, and the average velocity drops rapidly to zero.
Numeric models [12] [13] [14] have also shown that in addition to steady propagation, oscillatory combustion occurs in certain parameter regimes. In these situations, the self-propagating reaction is characterized by superadiabatic temperature excursions and large variations in the reaction zone width, the flame thermal width, and the instantaneous flame velocity. Similar regimes have been theoretically predicted and experimentally observed in powder compacts ͑e.g., Refs.
15-24͒.
However, existing analytic and computational models of reactive multilayers have so far ignored the effects of reactant or product melting. The objectives of the present study are ͑1͒ to generalize our previous formulations 14, 25 so as to account for the melting of reactants and/or products, and ͑2͒ to apply the resulting model to investigate the role of melting on the properties of self-propagating reactions in Ni/Al foils.
II. FORMULATION
As in Refs. 14 and 25, a simplified formulation for the atomic mixing is used, based on the assumptions that ͑1͒ the process is Fickian, and can be described using a single, temperature-dependent, binary diffusion coefficient D, ͑2͒ the thermal conductivity of the foil is independent of temperature and composition, and ͑3͒ a fast, diffusion-limited combustion regime prevails. Furthermore, since thermal diffusivity is several orders of magnitude larger than atomic diffusivity, temperature variations across the layers ͑y direction in Fig. 1͒ are ignored, 26 so that the temperature distribution varies only with axial position ͑x͒ and time. Author to whom correspondence should be addressed; electronic address: knio@jhu.edu For a Ni/Al foil with a 1:1 ratio of the reactants, atomic mixing is described using a time-dependent, conserved scalar field C(x,y,t), defined such that Cϭ1 for pure Al, CϭϪ1 for pure Ni, and Cϭ0 for pure NiAl. The evolution of C is governed by
The atomic diffusivity D is assumed to be independent of composition and to follow an Arrhenius dependence on temperature, according to
where D o is the Arrhenius preexponent, E is the activation energy, and R is the universal gas constant. The values E ϭ137 kJ/mol and D o ϭ2.18ϫ10 Ϫ6 m 2 /s used in the present study are obtained from best fits to experimental data. 11 The initial concentration field varies linearly within the premixed zone C(x,y,0)ϭy/2w for Ϫ2wрyр2w; it is uniform outside, with C(x,y,0)ϭ1 for 2wрyр2␦ and C(x,y,0)ϭϪ1 for Ϫ2␦рyрϪ2w. In the computations, we take advantage of the fact that the layers are geometrically flat, and consequently exploit the symmetry of the periodic arrangement in the y direction. This enables us to restrict the domain to one half of a representative Al layer, i.e., 0рyр␦. We impose Cϭ0 at yϭ0, i.e., a state of complete mixing prevails at the base of the domain, as well as the symmetry condition ‫ץ‬C/‫ץ‬yϭ0 at yϭ␦.
The motion of the concentration field is coupled with the section-averaged energy equation
where H is the section-averaged enthalpy,
is the mean thermal conductivity, k 27 indicate that the variation of the heat of reaction Q with composition C can be closely approximated as
where ⌬h f is the heat of reaction. Thus, the averaged reaction source term can be expressed as 11, 14 Note that when melting is ignored, ⌬T f represents the difference between the adiabatic flame temperature T f 0 , and the ambient temperature T 0 .
Incorporation of melting effects results in a complex relationship between H and T, involving the heats of fusion of the reactants and products. This relationship is expressed as
where T m ␤ϵ␣/(1ϩ␥) represents the fraction of pure ͑unmixed͒ Al at section
, and H 6 ϵH 5 ϩ(1Ϫ␣)⌬H f NiAl . Note that the ''enthalpy'' levels H 2 ϪH 6 are dependent on the local composition, and are consequently variable during the computations. For instance in the limiting case ␣ϭ0, the product is absent and the temperature is only affected by the melting of the reactants. Conversely, for ␣ϭ1 mixing is complete and the temperature may only depend on the heat of fusion of the product. 
III. NUMERIC SCHEME
The governing equations are simulated using a finite difference methodology, based on discretization of the domain with a uniform Cartesian grid of mesh size ⌬x and ⌬y along the x and y directions, respectively. The corresponding number of grid points is denoted by nx and ny. Field variables are discretized at cell centers, and spatial derivatives are approximated using second-order, centered differences.
As discussed in Refs. 14 and 25, the present selfpropagating reactions are characterized by a wide range of length scales; the thickness of individual layers is on the order of tens of nanometers, the thermal width of the front is on the order of tens of microns, while the foil length is on the order of tens of millimeters. This length scale complexity is compounded by a disparity between thermal and atomic diffusivities, the former being several orders of magnitude larger than the latter. The atomic diffusivity also exhibits large spatial gradients, due to its Arrhenius dependence on temperature. Without proper treatment, the resulting stiffness would result in severe restrictions on the integration time step, and in prohibitive CPU requirements.
In order to defeat the stiffness of the equations, we have adapted the implicit-explicit ͑IMEX͒ integration approach developed in Ref. 25 . Briefly, the present IMEX approach is based on treating the x dependence of the atomic diffusion term in an explicit fashion, and the y dependence in an implicit fashion. We rely on a second-order Adams-Bashforth scheme for the explicit part, and on a Crank-Nicholson scheme for the implicit part. A similar treatment is used for the energy equation, with the diffusion term treated explicitly and the reaction term integrated implicitly. As outlined in Ref. 25 , this results in a set of nx decoupled subsystems, each of which contains a linear system for the ny unknown concentrations, coupled together through a nonlinear constraint associated with the Arrhenius term. The linear system is solved exactly using the Thomas algorithm, while the nonlinear constraint is satisfied using Newton-Raphson iterations.
In the computations, ignition is simulated by imposing a square temperature profile at the left end of the foil. This initial profile has a width of 80 m and a temperature of 1000°C. The remainder of the foil is initially at ambient temperature. The computations are carried out over a time period that is long enough so as to observe the formation of the front and its propagation, if at all possible. In all cases, the computations are stopped before the front reaches the right boundary of the domain. We use a domain length of 1 mm, with a mesh resolution nxϭ100 and nyϭ1000. The integration time step is held fixed at ⌬tϭ2.5 ns.
IV. RESULTS AND DISCUSSION
The numeric model above is applied to analyze the role of melting on self-propagating reactions in nanoscale Ni/Al foils with a 1:1 ratio of reactants. To this end, computations are performed using the detailed model above, and a simplified variant that ignores the role of melting. The simplified variant is simply obtained by arbitrarily raising the melting temperatures to very high values.
Numeric experiments are thus performed for foils with different bilayer periods ͑4␦͒ and different widths of the premixed zone (4w). We vary ␦ and w independently in the analysis; we use ␦ϭ10, 20, 40, and 60 nm, and wϭ0.5, 1.5, 2.5, and 3.5 nm. Thus, a matrix of 16 independent cases is considered, using both the detailed and simplified models.
Following Refs. 14 and 25, a simplified approach is used to characterize the unsteady evolution of the reaction front. Specifically, the flame position is identified by tracking the instantaneous spatial location, x p (t), of the peak energy source term appearing on the right-hand side ͑rhs͒ of Eq. ͑3͒. The corresponding value of the total power
and of the local temperature T(x p ) are also recorded as a function of time. Based on these results, the instantaneous flame speed is estimated as the local derivative of the x p versus the t curve, and the average flame velocity V avg is determined by averaging the instantaneous values over a suitably wide period. For brevity, detailed results are only provided in Figs. 2  and 3 , which, respectively, show the evolution of P and x p for foils with wϭ0.5 nm and wϭ1.5 nm. The results of detailed and simplified computations are reported in the figures. The plots indicate that with both models, the propagation of the self-propagating reactions can occur in a steady or an unsteady fashion. 26 In the unsteady propagation regime, high-amplitude oscillations can be observed in the peak total energy source term. Since the detailed features of this propagation regime were analyzed in our earlier effort in Ref. 14, attention is focused below on the effects of melting on the essential features of the reaction.
A. Effects of melting
Examination of Figs. 2 and 3 reveals that when melting of reactants and products is accounted for, the average flame velocity is generally reduced. This can be verified by comparing the evolution of the x p curves predicted by both models for the same values of ␦ and w.
The results also indicate that incorporation of melting has a substantial effects on the behavior of the unsteady reactions. When melting effects are ignored, the unsteady combustion regime is characterized by well-defined, highamplitude oscillations in P. Consistent with the analysis in Ref. 14, the relative magnitude of the oscillations increases as ␦ decreases and as w increases; meanwhile, the period of the oscillations increases as ␦ and w increase.
In contrast, when the effects of melting are incorporated, the amplitude of the total power oscillations appear to be suppressed. Another interesting feature concerns the much smaller period of the oscillations when the amplitude is small. Specifically, when melting effects are ignored, the period of the oscillations is on the order of 10-100 s; when melting effects are incorporated, the period of smallamplitude oscillations is on the order of one microsecond or smaller. While these oscillations are smooth ͑not shown͒ and well resolved in the computations by using very small integration time steps, their very small period gives the appearance of thick-solid lines in the figures.
It is interesting to note that the present trends share some similarities with observations of the effects of products melting in powder compacts. 24, 28 In particular, it has been observed that melting effects lead to a reduction of flame velocity and ͑in the case of oscillatory combustion͒ of the period of the oscillations.
It should be emphasized, however, that melting of both the reactants and products can occur in the present model. Thus, it is not immediately evident from Figs. 2 and 3 which mechanism is most relevant. To gain additional insight into these effects, in Fig. 4 we plot the evolution of T(x p ) in full model computations of foils with wϭ1.5 nm and w ϭ3.5 nm. ͑Results for wϭ0.5 nm and wϭ2.5 nm yield similar trends and are therefore omitted.͒ The figures indicate that, similar to P, T(x p ) can also exhibit high-amplitude oscillations. However, in most cases T(x p ) remains well below the product melting temperature (T m NiAl ϭ1912 K), except possibly at the peak of some of the oscillations ͑e.g., with wϭ1.5 nm and ␦ϭ10 nm). This indicates that for the present set of conditions, product melting is not likely to occur, but that partial melting is occasionally possible. On the other hand, in all cases T(x p ) is larger than the melting temperature of Al (T m Al ϭ933 K), showing that Al is likely to be melted within the reaction zone. It is also interesting to note that, in cases involving large-amplitude oscillations, T(x p ) periodically crosses T m Ni ͑1728 K͒, which suggests that in these situations the oscillations are affected by the melting of Ni. Figure 5 shows the variation of the average flame speed with the bilayer period ␦ and the premix parameter w. The figure shows curves obtained using the full model as well as the simplified model which ignores the effects of melting. Consistent with previous experimental, theoretical and computational trends, 5, 11, 14 the results of both models reveal that at fixed w, the average velocity exhibits a peak at welldefined ͑''critical''͒ values of the bilayer period. The curves drop rapidly towards 0 as ␦ drops below ␦ c , and the drop is sharper for smaller values of w. As discussed in Ref. 14, this trend reflects a substantial loss in thermodynamic potential as ␦ approaches w. This can also be appreciated in the results of Fig. 4 ; in particular, for wϭ2.5 a very sharp decrease in the mean values of T(x p ) is observed as ␦ decreases. On the other hand, for ␦Ͼ␦ c , the curves decay smoothly as ␦ increases. This decay is due to the increase in diffusion distances as ␦ increases. This increase in diffusion distances results in a decrease in the mixing rate, and consequently in the heat release rate and flame propagation speed.
B. Average flame speed
As expected, Fig. 5 indicates that the incorporation of melting effects leads to a reduction in the average flame velocity. This trend is observed for all combinations of ␦ and w considered in the analysis. In general, with respect to the results of the simplified model where melting is ignored, the curves obtained using the full model appear to be shifted downward. The differences between mean propagation velocities range from small to moderate, with relative changes falling below 25% for all cases. It is also interesting to note that the predictions of ␦ c are very similar in the two models.
Thus, melting does not appear to result in major qualitative differences in the dependence of V avg on ␦ and w. At present, however, it is still unclear how melting affects application regimes where the reaction is susceptible to quenching, e.g., due to heat losses. 25 These questions will be addressed in a future study.
C. Effect of ambient temperature
Finally, we analyze the effect of ambient temperature on the properties of the reaction. For brevity, only the full model is applied, and results are obtained for a reactive foil with ␦ϭ20 nm and wϭ2.5 nm. Figure 6 shows the evolution of the peak power and its spatial location for different values of the ambient temperature, T 0 ϭ248 K, 273 K, and 323 K. The results indicate that as T 0 increases, the amplitude of the oscillations decreases while their frequency increases. For T 0 ϭ323 K, the oscillations in P are weak, and the front propagation speed is nearly steady. Note that these effects do not appear to be significantly affected by product melting, since for the present foil parameters, the peak flame temperatures ͑not shown͒ remain below T m NiAl . The results in Fig. 6 also indicate that the average flame velocity increases significantly as T 0 increases. Additional insight into the effect of ambient temperature can be gained from Fig. 7 , which shows the dependence of the average flame velocity on temperature. Plotted are results obtained using the full model, as well as the simplified calculations that ignore melting. The results indicate that, over the 75-K ambient temperature range considered, the average flame velocity in the full computations varies by about 90%. Also note that the slopes of the two curves in Fig. 7 are substantially different. In particular, these differences indicate that the effects of ambient temperature are more pronounced when melting is included.
The present predictions are consistent with earlier results in Ref. 14, obtained with a simplified model which ignores melting effects. Specifically, both models predict a suppression of the combustion oscillations and an increase of average flame speed with increasing ambient temperature.
V. CONCLUSIONS
The evolution of self-propagating reactions in nanostructured multilayer foil is simulated using a simplified unsteady model that accounts for the melting of reactants and products. The simulations are used to analyze the dependence of the unsteady reaction and average front speed on geometric foil parameters, namely, ␦ and w. Simulations are also performed using a simplified variant of the model that ignores melting, and the results of both models are contrasted in order to highlight the melting effects. In particular, analysis of the computations indicates the following:
͑1͒ The evolution of self-propagating fronts can occur in a steady or an unsteady fashion. In the latter case, the fronts are characterized by well-defined oscillations in energy release and in some cases, significant oscillations in the instantaneous front velocity. These trends are observed using both the detailed computations and the simplified model that ignores melting. The incorporation of melting effects tends to suppress the amplitude of the oscillations and to reduce their period.
͑2͒ At fixed values of the premix parameter w the aver- 
͑3͒
The average flame velocity increases continuously with increasing ambient temperature. Increasing T 0 also results in a suppression of the amplitude of the oscillations and a reduction of their period. These trends are consistent with previous results obtained with simplified analytic 11 and computational models 14 that ignored melting effects. 
